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Mixed Hodge theory for unitary local systems

By Klaus Timmerscheidt at Essen

Introduction

Let X be a compact complex manifold, bimeromorphic to a Kéhler manifold. Let
D be a divisor in X with local normal crossings, U:= X\D and V a local system on U.
We assume that V is unitary, i.e. ¥V has a positive definite hermitian form or
equivalently, V is given by a unitary representation of the fundamental group of U.

In [2], Deligne constructed the canonical extension (#,V) of V. # is a
holomorphic vector bundle on X with a connection V with logarithmic poles along D
such that KerV|;=V. The hypercohomology of the logarithmic de Rham complex
Q2x<D>® #,V) is the cohomology of V over U.

We want to show that there exists a very close connection between the topological
cohomology of V on U and analytical (or algebraic) cohomology groups associated with
#. This connection is established by extending Deligne’s construction of a mixed Hodge
structure on H*(U, C) ([3]) to unitary local systems.

On the logarithmic de Rham complex, we construct two filtrations F* and W.: F*
is the usual Hodge filtration which reflects the analytical properties, and W. generalizes
the weight filtration on Qj(D); the induced weight filtration on H*(U, V) is given in
terms of purely topological data, namely the local cohomology of V (along D) which
one can describe very explicitly.

Let us now assume that V and its hermitian form are induced by a real
orthogonal local system Vg, i.e.
R

and the hermitian form is the extension of the bilinear form on V. Then we prove:

Theorem. The induced Hodge and weight filtrations on H*(U, V) define a mixed
[R-Hodge structure. '

If V is defined over a noetherian subring 4 of [ such that A ® @ is a field, with
the hermitian form defined over A ® @, one gets a mixed A-Hodge structure.
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If U is algebraic, then the mixed Hodge structure on H*(U, V) is independent of
the choice of an algebraic compactification j: U ¢ X. It is functorial for maps
f:U"— U. For a finite unramified map f: U — U’, the induced map

HY(U, V)— HY(U', £, V)

is a morphism of mixed Hodge structures.
Let us again drop the assumption that V is defined over R. Clearly one cannot
expect a mixed Hodge structure on H*(U, V). But all properties of mixed Hodge

structures that do not refer to the real structure carry over to this case. More precisely,
we have:

Theorem. Let V be unitary.

a) The Hodge spectral sequence
EPi=HY(X, Q¢{(D) ® #)= H?*4(U, V)

degenerates at E,.

b) The Leray spectral sequence
E%*=H"(X, R%, V)= H? (U, V)

degenerates at E;.

c) The special sequence induced by the weight filtration on Q%<{D) ® #
E;m™ktm=H*(X, G- (Q%<D) ® M) = H*(X, Q4<D) ® #)
degenerates at E,.

d) The conjugate linear isomorphism H*(U, V) — H*(U, V") respects the weight
filtrations and induces conjugate linear isomorphisms between the “Hodge components”

Gr}.Gr); ,H*(U, V) and Gr.Gr)y H*(U, V).

The construction and investigation of the weight filtration is very close to
Deligne’s treatment of the case V=C,. Here we don’t have to worry how the two
filtrations pass to hypercohomology because of Deligne’s fundamental theorem [4],
8.1.9. Classical Hodge theory is replaced by the pure Hodge structure on H*(X,j, V)
whose existence has been proved in [6]; the complex (3 (.#) defined in [6] agrees with
Wo(Q5x{D) ® #). For a unitary local system, H*(X, j, V) is nothing but the intersection
cohomology group IH*(X; V). The general reference for almost all facts needed on local
systems and their canonical extensions is [2].

§ 1. The Hodge and weight filtrations
Let X be any complex manifold, D € X a local normal crossing divisor, U:=X\D,

j: U o X the inclusion map, V a local system on U, (#,V) its canonical extension
on X.
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(1.1). The Hodge filtration F* of Qy<{D)® .# is the expected one:
FP(Qx<D)> ® #) is the subcomplex of forms of degree =p

0’ if q<p
FP(Q§<D>®'//I):={Q%<D>®,//, if qép}'

(1. 2). The definition of W.(Q%<{(D> ® .#) is a little more involved. Recall the
definition of W. in case V =C: W,,(Q%x<D)) is the subcomplex of forms whose (m+ 1)-
fold residue vanishes. So let us first define corresponding residue maps.

We start with introducing some notations that will be used throughout the rest of
the paper:

For m=1, denote by D, the union of all m-fold intersections of distinct local
components of D and by D,, the normalization of D,,. v,,: D,, — X is the composition of
the normalization map D, — D, with the embedding D, < X. Let Dy:=Dy:=X,
vo:=idy. Let C,:==v,'(D,,). C, is either empty or a normal crossing divisor in D,,.

~

On D,, one has the (complex) local system £, of orientations of the local
components of D: For A= X such that Dn A has smooth components and for a
component Z of v, !(4), choose an order of the m components of DA whose
intersection is v,(Z). For two such open sets 4!, 4%, on every component of
v (41 n 4%) the two orderings differ by a permutation, and the signs of these
permutations are the transition constants of &,. Note that of course &, is induced by a
real orthogonal local system, defined even over Z.

If the components of D are smooth, then §, is trivial.

There exist residue maps
Res,,: Q4<D) — v, (@5, " (C,r> ® &)
commuting with d, thus giving a complex homomorphism
Reém: Q5 <{D> = v, (25, {Cu> % &,) [—m].
Res,, induces an isomorphism R™j, Cy =5 v,.é, (see [3], 3.2.8.2).

Now assume that V is unitary. We shall examine the restrictions of j, V to the
strata D, \D,,,, twisted with v,.§, . Define

V= (j* Vu),..\z),..+ ,) %) (vm*gmle\Dm+ 1)-
Proposition (1. 3). a) V,, is a unitary local system on D,\D,, .

b) There exist a unique subvectorbundle M, of vi# ®E, and a unique
C

holomorphic integrable connection V,, on M,, with logarithmic poles along C,, such that

Ker Vo8 = Vm iy,.
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¢) (M, V) is the canonical extension of v, 'V,,.

d) There exists a unique subvectorbundle #* of v*.# ® £, with
c
VEM @ Epy= M, D MY
C

such that for %€ D,\C,,
Mysz=vi({oe M, z(0,7)=0 foral te(j, Mhr}) @ Em. %
c

Remark. In general, there will be no induced logarithmic connection on

vE M %)Em and no induced hermitian form on vi.# ® &, 5,,¢.,,-
C

Proof. The flat hermitian form on V extends to a hermitian form on j, V. So for
the proof of a), we only have to show that V,, is a local system on D,\D,,,;. The
uniqueness assertions in b) and d) are clear, so it is enough to prove all four statements
locally.

Let x e D. Let 4 be a polycylinder around x such that Dnd= U D/ is a union
e
of coordinate hyperplanes. Since w,(4\D) is abelian and V is Junitary, we can

diagonalize all monodromy operators of V|, simultaneously. In other words, V) 4p is
an orthogonal direct sum of unitary local systems of rank 1: V|4, = 6—) Visp- If 7; is the

monodromy transformation around D/, then Viwi=Vij - iy With y,,e C, lyil=1. We

regard V' as a local system on 4\ U Di. # splits accordingly: 4 = @ M', where M*

ji=1 i=1

yij¥ 1 s
has a logarithmic connection V' with poles along () D’ such that KerV’ ) o Vi
ji=1
Yij *1 y{;'x

r

(4, V') is the canonical extension of V¥, and V=) V.

i=1

a) If ye D, \D,,,1, then there exist (uniquely determined) ji,..., jm,

1<j, <+ <ju<s, with ye DI*n--- n D¥m Then for a small neighbourhood 4, of y,
J« ViDoA\Dms 108, = ) V|iDm\Dm+ 1n4y>
i=1
i,y = =705, =1

80 ju ViD,aD .. 15 @ local system near y.

b) Let Z be a connected component of v, *(4) < D,,. Then v,,(Z) =D/~ ... A DIm
with 1<j, <---<j,<s. Then

vr; ! Vm'Z\Cm = v'; ! < @ V""m(z)) % ~mlz\am'

1
Vi, i, =1

|| II

Vi, iy =
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Clearly the subbundle of v} .# ® &,z we are looking for is
c
r .
Mz =Vr, ( @ J”fw..d)) %) Em|Z -

i=1
Vigy = =i, =1

Since v,,(Z) is not contained in the pole set of V' if y; i ="=7Yij.=1, there is an

induced logarithmic connection V,, on .4,z with poles along ZnC, and with

KerV, 2¢,.=Vm ! V208,
¢) is clear from the description of (.#,,, V,,) in b).

d) Let Z be the component of % in v, '(4)< D,,. Then v, (Z)=D" n--- N DIm,
with 1<), <+ <j,<s. Clearly we have

{oed,, zl(0,7)=0 for all T€(j, V), .»}

(& ),
i=1 V(%)

vi,jp ¥ 1 for some u
so define

r

g//{"":lz':= V,: ( @ ‘/”fvm(Z)> CZ) 5m|Z , qed
i=1
y,-_ju*ll for some u

(1.4). Now define Res,, (#): 24 (D>® M — v,.(Q5."(C,> ® M,) as the com-
Ox (Pﬁm

position
Res,, (#) :v QD) 0®X M — Q5 "(C) g? gm)oc?m M
= vm'(Q%;m<Cm>0(? m M %) Em))
= V(@5 "<C> g)m M),
where the first map is Res, ®id and the second map is the identity on Q3 "<(C,),

tensored with the projection of v¥.# ® g, onto .#, along .#,;. Note that Res, (#) is
C

surjective.

Lemma (1. 5). Res,, (#)- V=V, o Res,(#), ie. Rés,,,(./() is a complex homo-
morphism

QD> ® M — Vs (25,(Cp> ® M,,) [—m].
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Proof. We continue to use the local description given in the preceding proof. It
suffices to show that for any %€ D,\C,, and a germ o, e (Q4<Dn 4) ®Jl VoG

Res,, (Jl') (Vo)) = Vi (Res,, (A7) (0,))z- Let Z be the component of v 1(4) contammg %
and v,(Z)=D"n--AD" 1<j, <+ <j, S5

If there exists € {1,...,m} with y, ; +1, then Res,, (.#");=0 and the assertion is
trivial.

If y; W= =V =1 then V' is a local system near v,(%). Let e¢; be a local
generator of V* near v, (%). Then 6,=6;® ¢; and

Res,, (#') - VI(G; @ ¢;) = Res,, (d5;) @ vie,
=d(Res, (6)) ® vme;
=V o Res, (A (6;®¢), qed.

We are now ready to give the definition of W.(Q%{D)> ® .#):
Definition (1. 6). For m <0, set W,(Q%x<{D)> ® #):=0. For m=0,
W, (Q2%x<{D) ® #):=Ker Res,, , , (HA).
Note that especially W,(Qx<{D)> ® .#)=Qy(#) is the complex studied in [6].

From the preceding, we clearly have the following local description of
W, (R24<{D)® #) for a local system of rank 1: If 4= X is a polycylinder with
coordinates zj,...,z, such that Dn4 is given by z, ---z,=0, and if y; is the
monodromy transformation of V4, around {z;=0}, then W,(Qi(D>® .#), is
generated over 0, by Qf ® .#\, and by all terms of the form

dz;
._.‘Ll_ A cee A

Zj, ij

/\ dz.lk+l

Andz; ®pu

where pel'(4, #), k=q, 15j; < <jpSs<jyr1<-<j,Sn, and for at most m
indices x with 1§rc<k we have y; =1.
Proposition (1. 7). a) W.(Qx<{D) ® .#) is an increasing filtration.
b) Res,(#) induces an isomorphism between
GtV (Qx<D)> ® #A) and v,.(Dp, (M) [—m].
Proof. As Q};m (#,)=Ker Res, (#,,), we have to show:
Ker (Res,, + { (#)) = Ker (v,» (Res; (#,,)) o Res,, (A)).

Let B, be the normalization of C, and u,: B, — X the composition of the
normalization map B, — C,, the embedding C, o D, and v,: D, — X. Clearly
Py = V41 © O fACtOrs OVer vy, ,: D, ., — X, where g,.: B,, — D,,, is an isomorphism
when restricted to any component of B,, but in general maps several components
of B, to the same component of D,,,. Furthermore it is clear that
en(Q5,..,<{Cpn+1> ® M, ) is isomorphic to Qf {ptn" (Dp+2)> ® (A,),. Hence we have
an induced lnjeCthn vm+1"(95 +1 <cm+1> ® *’”m+ 1) S ”m‘(gﬁ <ﬂm 1(l)m+2)> ® ("l{m)l)
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It is straightforward to check from the definition, that the diagram

QD) @ M =m0y (D5, (Cod ® M) [—m] = E )y (O Lt (Do 1)) ® (My)y) [—m—1]

QD)@ M

Vm+ 1825, {Crns 1) ® M) [-m—1]

Resm + 1 (M)

is commutative, thereby finishing the proof of the proposition.

§ 2. Relations between the weight filtration and local cohomology

We now show that Gr}t'(Qy (D) ® .#) is quasiisomorphic to R™j, V[ —m], thus
exhibiting the topological nature of the induced weight filtration on the cohomology.
Furthermore we see that R™j,V is isomorphic to j,.V, where j,: D,\D,+; & X is the
inclusion map.

Define the canonical filtration 7. of Q%<{D) ® .# by:

QD> M, if g<m
T (Q4<(D) @ M):=KerVS QD> @ M, if g=m
0, if g>m

Proposition (2. 1). The inclusion map
(Qx<D> @ M,1.) > (Q%<D> ® M, W.)
is a quasiisomorphism of filtered complexes.

Proof. We have to show that the induced maps
H'(Gr,, (2x<D) ® M) — H'(Gr,," (2% (D) @ )
are isomorphisms.
Now
Hf(Gr;(9;<D>®ﬂ))={f Gy @ M=ELE i; :;:}

b

whereas
HY(Gryy (Qx (D) ® M))= H' (Vs (5, (M) [—m])
= Von+ Hi_ " (Qbm ('/l{m))

o Ve if i=m)
0, if i%mf’

IR
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here j,,: D,,,\D,,,~+1 & X is the inclusion map. For the last equality, we used that the
inclusion map J,.(v,, ' V,,) = Q5 _(#,) is a quasiisomorphism where Jm: Dp\Cp & D, is
the inclusion map (see [6]). Hence we have to show that

Res,, (#): H™(Qx (D> @ M)~ s Vi = Vot s (Vn * Vi)

is an isomorphism.

For this, we again use the local description given in the proof of (1. 3). Clearly we
may replace V by one of the V', i.e. we may assume that V has rank 1. Let x € D. We
distinguish between two cases:

Case 1. j,Vis alocal system near x. Then of course j, V is trivial near x, and we
are done by the classical isomorphism

RCSm: Hm(Q;( <D>) :‘jm‘ CDm\Dm+ 1= Vi Cﬁm .

Case 2. There exists a local component D/ of D through x with y;+id,. Let us
first show that (j,.V,),=0:

Let Z be any component of v, !(4) with x € v,,(Z). Then v,,(Z)=D/* A --- A Dim,
1 £j, <+ <jmSs. Either there exists p € {1,..., m} with y;, #id, in which case .#,,7=0,
or y;, =--=7v; =id; but as y;#id, V,, is not holomorphic at X e Z, v, (®)=x, and
therefore Jo. (v, ' Vip)z=0. Hence, (s Vi) = (Vs Jot (Vi Vin))x = 0.

Finally we show (R™j,V),=0. It suffices to prove: For all small polycylinders
A'cA centered at x such that Dn A’ is a union of coordinate hyperplanes,

H™(A'\D, V)A'\D) =0.

We can write 4’ = 4] x 45, with projections p,: 4" — 4}, p,: 4" — 4, such that
D n A’ =p¥ D} + p% D, with normal crossing divisors D| € 4}, D5 < 4’ and p¥ D] is the
union of all components DN 4’ of D n A’ with y;%id. Then V|, =p7' V] where V] is a
local system on A4}\Dj with nontrivial monodromy around every component of Dj.
Note that by assumption x € p; !(D}). Now the Kiinneth formula

H™(4\D, Vinp)= @D HP(4\D}, V) ® HU(43\D3, ©)
ptgq=m

shows that it is enough to have H?(4'\Dj, V{)=0 for all p=0, i.e. (R?ji«V1),, =0,
ji: 49)\D} o 4} the inclusion map. This is clear for p=0, and for p>0 it follows from
Qy (D) ® A =§~2;'1 (), 1 the canonical extension of V7, and the fact that Q“,; (A7)
is exact at level p, q.e.d.

Corollary (2.2). H™(Gr? (Q%x<{D) ® M) R™j,V = juV,, where the second iso-
morphism is induced by Res,,(#).

Remark. Of course, the inclusion map
(Qi<D>®‘/l{, F.9 T’)__)(Q.X<D>®'/”’ F.a W‘)

is in general not a quasiisomorphism of bifiltered complexes.
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§ 3. Unitary local systems defined over a subring of C

Let A be a noetherian subring of C, closed under conjugation, such that 4 ® @ is
a field.

Definition (3. 1). An A-unitary local system is a complex unitary local system V
such that there exist a local system V, over A (i.e. a sheaf of A-modules which is locally

isomorphic to the constant sheaf A" for some r € N) with V=V, ® C and a hermitian
A

symmetric A ® @-valued positive definite form on V, (or on V,go:=V,® @), which
induces the hermitian form on V.

For example, if V is given by a representation
Tcl(U) - GL(T, A) N U(r:v C)g GL(T, C)a
then V is A-unitary.

Notice that for an A-unitary local system V, the local systems V,, are canonically
A-unitary:

Vi, ai=Va,m= U* VAIDm\Dm+ .) (;3 (Vm*gm,zu),,.\z),,.+ ,)

where £, is Z-unitary by definition.

In contrast to the case V' =Cy, R™j, V, may have torsion: As a trivial example,
take A=2Z7, X =[P, U=C*, V, the local system of rank 1 over Z on U given by the
representation of n, (U)=x~~Z which maps the class of a loop running counterclockwise
once around 0 to —idy, then clearly (R'j, V)= (R'j, V) 2 Z/2Z.

Replacing 4 by A ® @ in order to avoid problems with torsion in R™j, V,, we
now want to compare the A ® @-structures on R"j V=R"j V, o ® C and
Jm Vi =Jm+ Vi, a0 @ C via the isomorphism in (2.2). The result is:

Lemma (3.2). The isomorphism R™j .V =5 j,.V, in (2.2) maps R"j,V, gq to
jm‘Vm,A®0(_m):=(Zni)_mjm‘Vm,A®@ gjm*Vm'

Proof. Let xeD. Then in a small neighbourhood 4 of x, V,gg.,, splits
Vioano=Viea ® Vigas such that j, V,igq is a (trivial) local system over 4 ® @ near
x and (j,V4iga)x=0. Viap=V @ V" splits accordingly. Then the proof of (2. 1) shows
that (R™j, V"), =0=(juVn)s> hence (R"j,Vigo)r=0=(jmVm 100)x since we have no
torsion.

So we have to show the lemma only for V,g,. But the case of a trivial local

system is proved in [3], 3.1.9.

§ 4. Functoriality

Let us consider the functorial behaviour of the Hodge and weight filtrations.

Clearly they are functorial for maps ¢: V — V' between unitary local systems on
U which respect the hermitian forms.
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Not so entirely obvious is the functoriality for holomorphic maps
f:(X', U) > (X, U). The problem is that in general the lift of the canonical extension is
not the canonical extension of the lifted local system. Furthermore it might happen (say
for V with rank V=1) that D:=X"\U’ has a component D; across which
f~'V(f=f) extends to a local system, but at the same time D; lies over a component
Dy of D:=X\U along which V is not trivial; then a form in W, may have poles along
Dy, but has to be regular along D;. But it turns out that the lift of the canonical
extension is “smaller” than the canonical extension of the lifted local system, and the
“difference” takes care of the unwanted poles.

Proposition (4. 1). Let f: X' — X be a holomorphic map, D'< X' and D< X local
normal crossing divisors with f~'(D)cD’, U':=X'\D', U:=X\D, f:U — U the
restricted map. Let V be a local system on U, .# the canonical extension of V on X and
M' the canonical extension of f~ 'V on X'

a) There exists a unique injection f* . # < M’ such that the diagram

[y ——— My
[

b) If V is unitary, then the induced map
T H@<D) @ M) — XKD @ M

respects both the Hodge and weight filtrations.

commutes.

Proof. Since the uniqueness in a) is clear, it is enough to prove (4. 1) locally.

So let x'e D, 4° a polycylinder around x' with coordinates (wy,...,w,), 4 a
polycylinder around f(x') with coordinates (zy,...,2,), f(4)S4, D'n4’ given by
wy - wy=0, DN 4 given by z, ---z,=0. Then f*z;=¢;- [[ wi¥ for 1<j<s, with

i=1
units ¢; and a;;=0. Let g; be a loop in 4'\D’ running counterclockwise once around
{w;=0} (i=1,...,5), and ¢; a loop in 4\D running counterclockwise once around
{z;=0} (j=1,...,5). Then f,:m,(4'\D') > m,(4\D) maps (the class of) g; to (the class

of) Y a;0;.
ji=1

Let I';e GL(r, C) be the monodromy transformation associated to o ;=1...,5)
Let B,,..., B, be commuting r x r-matrices with eigenvalues in the strip {0<Rel<1}
and exp(—2niB;)=T;.
a) We have #,,=0} with V, given by
s dz;
V.g=dg+ ) Bjg-—*
i=1 %

for an r-tuple g of holomorphic functions.
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Hence f*.#), = 0O} with the lifted connection V. , given by
, B , de; & dw
Viug =dg + Z B;g 4+ Z < Z aij 1)
i=1 € i=1 Wi

After an appropriate change of the isomorphism f*.#,, =0}, we can clearly get V7. ,
in the form

' ' s dwi
Vf"xmg=dg+z<z a;j 1> T

i=1 i

From the above description of f,: m;(4'\D') — n; (4\D) we see that V ,. on .|, =0}
is given by

where Bj,..., B; are commuting matrices with eigenvalues in the strip {0<Re i< 1} and

exp(—2niB))=[] Fj“"f=exp<—21ri Y a”Bj>

ji=1 j=1

Hence C;:= Z a;
_} 1
nonnegative integers.

;jBj— B{ are commuting semisimple matrices whose eigenvalues are

The desired injection f*.#,, = 0% o 0} = .M, extending the identity map on flat
sections is

O — 0y, g —g=]] wf
i=1

b) Compatibility with the Hodge filtration is trivial, so let us consider the weight
filtrations. Clearly we may assume that V has rank 1.

It will be convenient to use the description of W, (2%{(D) ® .#) in terms of local
coordinates which was given after its definition in (1. 6): W,,(Q%<{D> ® .#), is generated
over O, by Q% ® .# 4 and all expressions of the form

dz; dz;
J1 Acr A Jk

Zj Zjx

ANz Nondz; @ u,

where peI'(4, #), 1 £j; < <ju £5<ji+1<--<j,=n, and for at most m indices k
with 1 <x <k we have I'; =1 (€ C).

Using trivializations of .#,, and .#|, as above, the image under
T HQx{D>® M) — Q% (D> ® M' of the above element, lifted to A4, is

s’ de; ol i 4
l—_ll wiCi ) /\ ( = + Z ires Ww. K)Af*(dz-’kirl "'/\deq)@ﬂ,

k=1 ],c he=1

with @' e (&, M)
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Expanding this expression, we get a sum of terms of the type

s’ d

. w; dw, .
H chl Qi gyttt AT LA A kA g
i=1 B w

.y
1k

(modulo renumbering, of course) with k' <k, ¢ a holomorphic .#’'-valued form.

Let us take k" € {1,..., k'}. If C; . >0, then the term has no pole along {w, ,=0}. If
C..=0and I} =1 (If is the monodromy transformation associated to @!), then from

0=B;,= ) a;,. ;B; we see that in case a;, ; +0,..., a,. ; +0 we must have B, =0,
=1

j_

ie. I;,=1. Hence there are at most m indices of that type, q.e.d.

§ 5. Hodge decomposition and duality theorems for
the cohomology of j, V; relations with intersection cohomology

We state the main result in [6] and derive from the proof in [6] Poincaré and
Serre duality for the cohomology of j,V and Q (). With their help we extend the
Hodge decomposition to compact manifolds bimeromorphic to Kahler manifolds.

Denote by F* the Hodge filtration on H*(X, j, V), induced by the Hodge filtration
on Gy(.#). Let F* be the lift under the conjugation map H*(X,j,V)— H*(X,j, V") of
the Hodge filtration on H*(X,j, V"), and let

HP4(X, j, V):=(FPnF?) H**4(X, j, V).

Theorem (5.1). Let X be a compact Kdhler manifold, DX a local normal
crossing divisor, U:=X\D, j: U ¢, X the inclusion map, V a unitary local system on U, .#
the canonical extension of V.

a) The spectral sequence
Epe=H(X, Q§(M)) = H?* (X, j, V)
degenerates at E,.
b) The maps H”(X,j, V)= HY(X, Q%(M)) are isomorphisms, and
HYX,j,V)= @ H"UX,j,V).

p+a=k

¢) The conjugation map induces conjugate linear isomorphisms
HY(X, Q% (M) = H? (X, Q%(A)
where A is the canonical extension of V.

The proof in [6] is by identifying 3% (#) as the sheaf of locally square-integrable
holomorphic p-forms with values in ¥ with respect to a suitable metric with poles along
D. Then H*(X, Q%(#)) and H?*9(X,j,V) are identified with L?-cohomology groups
which in turn are isomorphic to spaces of harmonic forms. Then one uses the Kihler
identities as in the classical case to get the decomposition.
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Note that without the Kéhler hypothesis one still can represent the cohomology
groups by harmonic forms on which the *-operator acts; as in the classical case, one
concludes Poincaré duality and Serre duality.

Theorem (5.2). Let X be a compact manifold, DS X a local normal crossing
divisor, U:==X\D, j: U . X the inclusion map, V a unitary local system on U, M, N the
canonical extensions of V, V", resp.

a) Poincaré duality:
HY(X,j,V)® H*" %X, j,V") - H"(X, C)=C
[
is a perfect pairing.

b) * Serre duality:
H? (X, Q4(M)® H"?(X, Q% 9(AN)) — H"(X, Q) =C
C

is a perfect pairing.
Note that the map O4(4) ® Q3 4(AN) — Q% (D) actually has its image in Q%:

We only have to prove this locally, so we may assume that rk V=1. If D’ is the
maximal reduced subdivisor of D such that j, V|y.p is a local system, then
QL(M)=Q%4(D">® M and Q% YN)=QL (DY ® #. Furthermore

N =M" ® Ox(—-D),
and the above map is given by
QM) @ By I(N)=Q4 (D> R M ® QD> M ® Ux(—D)
— Q3<D’) ® Ox(—D')=Q%.

With the help of (5.2), we can easily extend (5. 1) to manifolds bimeromorphic to
Kahler manifolds:

Corollary (5.3). (5.1) remains true if X is only bimeromorphic to a Kdhler
manifold.

The proof is an adaption of [1], Prop. (5. 3): Let f: X’ — X be a modification with
a compact Kihler manifold X’ such that D':=f"!(D) is a (local) normal crossing
divisor, U':=X"\D/, f:=]]u,: U —-U, V:=f"1,j:U ¢ X’ the inclusion map. From
(4. 1), we get a commutative diagram

HY(X, Q¢(M)® H" (X, Q% P(N)) — H"(X, Q3)=C

HY(X', 32.(#")) @ H" (X", 337 P(N)

H"X', Q%)=C
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where .#', A" are the canonical extensions of V', V'Y, resp. From Serre duality (5.2) it
follows that HY(X, Q%(#))— H(X', 3%.(4') is injective. Hence the Hodge spectral
sequence of V injects into the degenerating Hodge spectral sequence of V' and thus
degenerates at E,, too.

As above we infer from Poincaré duality (5.2) that H*(X,j, V) — H*X',j, V') is
injective. The map clearly respects F* and F", so from (F?n F*=?*') (H*(X", j, V")=0
we deduce (FPn F* ?*1)(H*(X,j,V))=0. Counting dimensions as in [1], (5.3.7) we
see that H*(X, V)=F"H"X,j,V)® F*"?*'H*(X,j,V). Hence H*(X, Q%(H)) is iso-
morphic to H>(X, j, V), and H?*9(X,j V)= @ H"4(X,j,V), qed.

ptq=k
Remarks. a) Clearly, in the situation of (5. 1) or (5. 3), Poincaré duality and Serre

duality agree on H*(X,j, V)= @ HY(X, Q§(#)).

ptq=k

b) If V is A-unitary with A S [R, then (5.1) and (5. 3) just say that the Hodge
filtration defines a pure Hodge structure of weight k on H*(X, j, V).

As the referee pointed out, it would be interesting to establish the connection with
intersection cohomology (see [5]). In fact, we have:

Proposition (5. 4). a) Dy(j,V)=j,V " [2n], where Dy is the Verdier duality functor
on X.

b) j.VI[2n] is the (middle) intersection complex of V; consequently,

HYX,j,V)~IH*(X; V).

c¢) The pairing in part a) of (5.2) agrees with the Poincaré duality pairing in
intersection cohomology.

Proof. Using the axiomatic characterization of the intersection complex in [5],
parts b) and c) follow trivially from a), so let us prove a). We have a canonical
morphism

so we may prove a) locally and may therefore assume rk V'=1. We replace U by the
maximal open subset of X to which ¥ extends to a local system. As we have seen before
(see the proof of (2.1)), we then have Rj, V=j,V=j,V, and therefore j V=Rj, V. By
the same reasoning, j, V¥ =Rj,V", and hence

Dx(j,V)=Dx(RjiV)=Rj,(DyV)=Rj, V" [2n]=j, V" [2n], qed.

§ 6. Mixed Hodge structures on H* (U, V,) for real A

Let us now define the Hodge and weight filtrations on H*(U, V):
Definition (6. 1).
FPH*(U, V):=Im (H* (X, F?(Q%x{D> ® M)) — H*(X, 2x (D) ® #)=H*(U, V));

we shall soon see that this map is injective.
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For the weight filtration, one uses a shift by k:
W, o  H* (U, V):=Im (H* (X, W,,(Qx (D> ® M) — H*(X, Qx{D> ® #)=H*(U, V)).

The following lemma is an immediate consequence of the definitions and the
description of the weight filtration on Q%<{D) ® .« :

Lemma (6.2). a) W.H*(U, V)=0 for i<k.
b) W,H*(U,V)=Im(H*X,j,V)— H*U, V).

c) Let mg be the largest m € N such that there exist x € X and m local components
of D through x such that the monodromy of V around these components has an eigenvalue

1. Then
VVk+m0Hk(U7 V)=Hk(Ua V)

We now assume that V is A-unitary with A < [R. Our aim is to prove:

Theorem (6. 3). Let X be bimeromorphic to a compact Kdhler manifold, DS X a
local normal crossing divisor, U:= X\D. Let V be an A-unitary local system on U, with a
subring A< [R. Then the Hodge and weight filtrations on H*(U, V) give a mixed Hodge
structure on H*(U, V,).

By Deligne’s analysis of bifiltered complexes ([3], 3. 2, [4], 8. 1. 9) we have to show
(for the notation, see [4], 8. 1):

Proposition (6. 4).

(RjVasRj Vigas 7)s (Qx<{D> @ M, F*, W.))

is a cohomological mixed A-Hodge complex.

Proof. The quasiisomorphism (Rj, V,gqg, 7-) ® C — (2x<{D)> ® #, W.) is the one
given in (2. 1). So it remains to show:

(Grn(RjyVaoa) (Gry (Qx (D> ® M), F*))

is a cohomological 4 ® @-Hodge complex of weight m, i.e. the spectral sequence
associated to the filtration of the second complex degenerates at E,, and the induced
filtration on

H*(Gry (24 <D> ® M) = H*(Gr1,(Rj,Vaea) ® C
defines a pure 4 ® @-Hodge structure of weight m+k on H*(Gr%(Rj,Vieo))-

Now Gr5(Rj,Vigo)=(—0—(Rj,Vige)" '/Kerd™ ' — Kerd™ —0— ---).

Hence Gr;(Rj,V4se) is quasiisomorphic to R™j, V, g ol —m], which in turn by (3.2) is
quasiisomorphic to j,. Vi s00(—m) [—m].



Timmerscheidt, Mixed Hodge theory for unitary local systems 167

For the second complex, we use the isomorphism (1. 7):

Resy, (AH)

(G (Qx D) ® M), F') —=—— v, (35, (A,), F*) [—m],
where F* (35 (.#,)) is given by:

0, i
F”(Q%M(J/fm))={~q ff q+m<P}'
Qs (My), If g+m=p

Hence we have to show that

Vmsx (Im* (vi; ! Vm,A®@(_m))’ (Q.ﬁm(‘/ﬂmL F.)) [_m]

is a cohomological 4 ® @-Hodge complex of weight m. This follows if

(7m* (VI;I Vm, A@@)’ (Q.ﬁm(‘/ﬂm)’ F.))

(with F* the usual Hodge filtration) is a cohomological 4 ® @-Hodge complex of weight
0. But this is just the statement of (5. 3), noting that D,, is bimeromorphic to a disjoint
union of compact Kéhler manifolds by [7], q.e.d.

Let us now consider the functoriality properties and the dependence on the choice
of the compactification of the mixed Hodge structure. Clearly it is functorial for maps
@:V — V' between unitary real local systems which respect the hermitian forms. Of
course, the same holds if ¢ is the orthogonal projection onto a real subsystem.

Lemma (6. 6). Let U be a manifold with an A-unitary local system V, A< R.

a) Let f: U — U be a holomorphic map. Suppose that there exist compactifications
U' o X', Uco X with manifolds X, X' bimeromorphic to compact Kdhler manifolds such
that X"\U' and X\U are local normal crossing divisors and such that f extends to a
meromorphic map X' — X. Then

S* HYU,V)— HYU', f7'V)
is a morphism of the mixed Hodge structures induced by X and X'.

b) If Uos X and U o X' are two compactifications with manifolds X, X'
bimeromorphic to compact Kdhler manifolds such that X\U and X'\U are local normal
crossing divisors and the identity map on U extends to a bimeromorphic map X — X/,
then the two mixed Hodge structures on H*(U, V) induced by X and X' agree.

Proof. In case the extended map f: X’ — X is holomorphic, a) follows directly
from (4. 1).

For b), take a third compactification U ¢, X" with the same properties, dominat-
ing both X and X'. Then the identity map on H*(U, V) is at the same time a morphism
of mixed Hodge structures for the mixed Hodge structures induced by X, X” and by
X", X'. By [3], 2.3.5 it is an isomorphism of all three mixed Hodge structures.

Then the general case of a) follows from the above case and b).
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Of course, if U is algebraic, one uses an algebraic compactification of U to get a
mixed Hodge structure on H*(U, V) which does not depend on the choice of an
algebraic compactification and is functorial for algebraic maps f: U’ — U.

Let us now consider the case of push-forwards. Let f: U — U’ be a holomorphic
map, V a unitary local system on U, such that f, Cy and f,V are local systems on U’
Then by composing the sesquilinear pairing f, V xf,V — f,C, with the trace map
f+«Cuy — Cy (summing over connected components over small open subsets of U), f,V
gets a unitary structure.

Lemma (6. 7). Let U be a manifold with an A-unitary local system V on U, A< R.
Let f: U — U’ be a holomorphic map such that f,Cy and f,V are local systems on U'.
Suppose there exist compactifications U o X, U’ ¢, X', X, X' bimeromorphic to compact
Kdhler manifolds, X\U and X'"\U' local normal crossing divisors, such that f: U — U’
extends to a meromorphic map X — X'. Then the map

HYU",f,V)— HY(U, V)
is a morphism of the mixed Hodge structures induced by X' and X.
Proof. H*(U',f,V)— H*(U, V) clearly factors into the lifting map
H*(U', £, V) — HY(U, £, V)
which is a homomorphism of mixed Hodge structures by (6.6) and the map
H*WU, f™'f,V)— H*(U, V)
induced by ¢:f~!f,V — V. ¢ factors into the orthogonal projection
[TV — (Ker o)t

and (Ker @) — V; the latter map respects the hermitian forms on (Ker@)* and V.
Hence H*(U,f~'f,V)— H*(U, V) is a morphism of mixed Hodge structures, too.

For example, if f: U — U’ is finite and unramified, then the mixed Hodge
structure on H*(U',f,C) is nothing but the mixed Hodge structure on
HY(U, C)=xH"(U', f, C).

"~ § 7. Non-real unitary local systems

We will now drop the assumption that V is defined over a ring 4 £ R. Except for
the fact that the weight filtration on H*(U, V) is defined over A ® @, the fact that V
might be defined over a proper subring of C is not important for what follows, so we
take A=C.

H*(U, V) has no canonical real structure, so one cannot expect a mixed Hodge
structure on H*(U, V). But the statements on degenerations of spectral sequences that
one deduces from the presence of a mixed Hodge structure still remain true. More
precisely, we have:

Theorem (7. 1). Let V be a unitary local system on U.

a) The spectral sequence associated to the Hodge filtration

Eri=Hi(X, Q§(D> ® #) = H?*4(U, V)
degenerates at E,.
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b) The Leray spectral sequence
EP?=HP(X, R, V)= H"(X, j,, V,) = H?*4(U, V)
degenerates at E;.

c) The spectral sequence associated to the induced weight filtration on
QD> M

E;m**m=H"(X, Gr," (Q4<D> ® M) = H*(D,, Q5 " (M,)) = H*(X, QD> ® M)
degenerates at E,.

d) The conjugate linear isomorphism H*(U, V) — H*(U, V") respects the weight
filtrations and induces a conjugate linear isomorphism between the “Hodge components”

Gry. Gr)s ,H*(U, V) and Gr}.Gr); ,HY(U, V).

Remark. The quasiisomorphism R%j,V — Gr} (2x{(D)> ® .#)[q] identifies the
Leray spectral sequence with the spectral sequence yEP? = H?*4(U, V) associated to
the weight filtration, with the renumbering E5 4 +— , E; ?*24 Of course, the appearance
of negative indices (as well as in c) above) comes from the fact that W. is an increasing
filtration.

Proof. Let {.,.», be the hermitian inner product on V. ¢:V — V" is the
conjugate linear isomorphism which sends a germ v in V to the functional

(w — {w, vDy). The inner product on V"V is given by (v*, w*>,v =<{p 1 (v*), ¢~ 1 (W*)),.

The clue is to look at ¥V ® V'V, with the hermitian inner product
(v, v%), (W, w*)Dy gy v =<0, Wy + 0%, w*)pv .

V@ V"' has a real structure: Let (V@ V ")z be the real subsystem consisting of all
germs (v, v*) with v* = ¢ (v).

The canonical map (V@ V"), ® C— V@ V" is an isomorphism, with inverse
»R

| —

(¢wHwﬂ>®1+(%ﬂv—¢”wﬂL—%ﬂ¢@%ﬁﬂ>®i

= (S 007 00
Furthermore, {(v, ¢(v)), (W, p(w))> =2Re{v, w). Hence V@ V" is an [R-unitary local
system.

By (6.3), H*(U, V @ V") has a mixed R-Hodge structure. Hence, by [3], 3.2.13,
a), b) and c) are true for V@ V. The logarithmic de Rham complex of V@ V" is the
direct sum of the logarithmic de Rham complexes of ¥ and V", and by their definitions
the same is true for both filtrations. Hence the spectral sequences for V@ V" are the
direct sums of the spectral sequences for V and V", so these degenerate at the same
levels.
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Part d) follows from the fact that the conjugation map on V@ V" with respect to
the real structure on V@ V" is given by (v, v*) > (¢ ™! (v*), ¢ (v)). Note that ¢ does not
induce a map between F?Gr), H?*%(U,V) and FGr), H?*4U,V"). But if F
denotes the filtrations ¢ "1 (F*) on V or ¢(F°) on V", then

(F? " F%) Gry, ,H?*%(U, V)= GrgGr), H?*4(U, V),
(F*nF?) Gr), ,H?*4(U, V)= Gr{Gr), H? (U, V"),
and ¢ clearly induces a conjugate linear isomorphism between these two spaces.

Remark (7. 2). Clearly the functoriality properties (6.6) and (6. 7) have counter-
parts in the non-real case, i.e. the lifting and push-forward maps on cohomology respect
Hodge and weight filtrations.

Remark (7. 3). It is possible to prove (7.1.a) without using the full strength of
Deligne’s mixed Hodge theory. Let me sketch how one can directly deduce the
degeneration of the Hodge spectral sequence for logarithmic forms.

We compute H*(U, V)= H*(X, Q%x{D) ® .#) by using logarithmic C*-forms: Let
A2(DY (V):=T (X, QE{D> ® %1 ® ), where &7 is the sheaf of C*-(0, g)-forms on

Ox 0
X. With the operatores V and 0, A; (D> (V) is a double complex, and H*(U, V) is the
k-th cohomology of the associated single complex. Similarly, H*(X, j,V) is computed

from Ap4(V)=I (X, Q2 (M) ® EXY).
Ox

Let us first show that for ¢ € AZ4(D)> (V) with dp =0, Vo e Az*19(V), there
exists p € AZ4 (V) with Vo =V3dy.

For that, we use Serre duality: So let 6 € A7~ "~ 4(VV) with do =0. Changing
¢ by a J-exact form, we may assume Vo =0. Then

[Voro=[d(@ro)—foAVo=[d(¢ro).
X X X X

Note that logarithmic (n, n)-forms are integrable. We have
1
fd@Ano)=—=— [ Res; (¢ A0)=0,
X 27i 5, \

because Res, (¢ A 0) is an (n—2, n)-form on D,, hence 0. So Vo is d-exact, and therefore
Vo-exact (see e.g. [3], 4.3.1).

For the degeneration of the Hodge spectral sequence, it clearly suffices to show:
For ¢eA%4(D)(V) with Jp=0 and Res,, (#)(Vp)=0, there exists
v e A2771(D) (V) with Res,,(#) (V(¢ — dy))=0 (here Res,(A):=id).

For @:=Res,,(#)(p) we have 0¢=0, V,pe Af m+La -1y ) so by the above
there exists we[" m™a=1y-1y ) with V,, =V, Jp. "Letting y € AZ471(D> (V) with
Res,, (#) (p) =P, we have

Res,, (#) (V(p —09) =V, —V,0( =0, ged
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