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Mixed Hodge theory for unitary local Systems
By Klaus Timmerscheidt at Essen

Introduction

Let X be a compact complex manifold, bimeromorphic to a Kahler manifold. Let
D be a divisor in X with local normal crossings, U--=X\D and V a local System on U.
We assume that V is unitary, i.e. V has a positive definite hermitian form or
equivalently, V is given by a unitary representation of the fundamental group of U.

In [2], Deligne constructed the canonical extension (M^T) of V. Ji is a
holomorphic vector bündle on X with a connection V with logarithmic poles along D
such that KerV|l7=F. The hypercohomology of the logarithmic de Rham complex

® Jt, V) is the cohomology of V over C7.

We want to show that there exists a very close connection between the topological
cohomology of V on U and analytical (or algebraic) cohomology groups associated with
M. This connection is established by extending Deligne's construction of a mixed Hodge
structure on Hk(U, C) ([3]) to unitary local Systems.

On the logarithmic de Rham complex, we construct two filtrations F° and W.: F°
is the usual Hodge filtration which reflects the analytical properties, and W. generalizes
the weight filtration on < >>; the induced weight filtration on H* (17, V) is given in
terms of purely topological data, namely the local cohomology of V (along D) which
one can describe very explicitly.

Let us now assume that V and its hermitian form are induced by a real
orthogonal local System VR9 i.e.

and the hermitian form is the extension of the bilinear form on VR. Then we prove:

Theorem. The induced Hodge and weight ßltrations on H* (17, V) define a mixed
K-Hodge structure.

If V is defined over a noetherian subring A of PS such that A ® Q is a field, with
the hermitian form defined over A ® Q, one gets a mixed ,4-Hodge structure.
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If U is algebraic, then the mixed Hodge structure on Hk(U, V) is independent of
the choice of an algebraic compactification j : U c» X. It is functorial for maps
/: U' — » U. For a finite unramified map /: 17 — » t/', the induced map

is a morphism of mixed Hodge structures.

Let us again drop the assumption that V is defined over US. Clearly one cannot
expect a mixed Hodge structure on Hk(U, V). But all properties of mixed Hodge
structures that do not refer to the real structure carry over to this case. More precisely,
we have:

Theorem. Let V be unitary.

a) The Hodge spectral sequence

Et* = H*(X9 Qp
x(Dy®Jt) => Hp+«(U, V)

degenerates at Ei.

b) The Leray spectral sequence

E£q=Hp(X, Rqj* V) => Hp+q(U9 V)
degenerates at E3.

c) The special sequence induced by the weight filtration on Ω£<Ζ)> (g) M

Eim<k+m = Hk(X, GrJ-( J<D> ® Jt)) => Hk(X, Ω£</)> ® M}

degenerates at E2.

d) The conjugate linear isomorphism Hk(U, V)-+Hk(U, Vv) respects the weight
filtrations and induces conjugate linear isomorphisms between the "Hodge components"

fGrf;X([7, V) and Grf Grf;,Hk([7, K v) .

The construction and investigation of the weight filtration is very close to
Deligne's treatment of the case V = CV. Here we don't have to worry how the two
filtrations pass to hypercohomology because of Deligne's fundamental theorem [4],
8. 1.9. Classical Hodge theory is replaced by the pure Hodge structure on Hk(X9j+V)
whose existence has been proved in [6]; the complex frx(J() defined in [6] agrees with
WQ(Qm

x(Dy ® Ji). For a unitary local System, Hk(X9j+ V) is nothing but the intersection
cohomology group lHk(X\ V). The general reference for almost all facts needed on local
Systems and their canonical extensions is [2].

§ 1. The Hodge and weight filtrations

Let X be any complex manifold, D^X a local normal crossing divisor, U--=X\D9
j: U c> X the inclusion map, V a local System on t/, (Ji, V) its canonical extension
on X.
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(1.1). The Hodge filtration F' of Ω^<£)>®^ is the expected one:
Fp(Q'x(Dy ® Jt} is the subcomplex of forms of degree ^p

(1.2). The defmition of W.(Q,X<J)} ® Jt} is a little more involved. Recall the
definition of W. in case V=C: Wm(Q°x(Dy) is the subcomplex of forms whose (w+1)-
fold residue vanishes. So let us first define corresponding residue maps.

We start with introducing some notations that will be used throughout the rest of
the paper:

For w^l , denote by Dm the union of all m-fold intersections of distinct local
components of D and by Dm the normalization of Dm. vm: Dm — > X is the composition of
the normalization map Dm — > Dm with the embedding Dm c» X. Let D0 := D0 := X,
v0:=idx. Let Cm'=v~1(Dm + 1). Cm is either empty or a normal crossing divisor in Dm.

On Dm, one has the (complex) local System £m of orientations of the local
components of D : For Αζ=Χ such that D n A has smooth components and for a
component 2 of v~i(A\ choose an order of the m components of DnA whose
intersection is vm(Z). For two such open sets A1, A2, on every component of
v~1(A1nA2) the two orderings differ by a permutation, and the signs of these
permutations are the transition constants of sm . Note that of course £m is induced by a
real orthogonal local System, defined even over Z.

If the components of D are smooth, then £m is trivial.

There exist residue maps

Resm: fli<D> -> vm.(i2£m<em> ® gj
C

commuting with d, thus giving a complex homomorphism

Resm: Ωχΰ> -> vm*(Q' m <Cm> ® 8m) [-m].
c

Resm induces an isomorphism Rmj^Cv·^ vm*em (see [3], 3. 2. 8. 2).

Now assume that F is unitary. We shall examine the restrictions of j^V to the
strata Dm\Dm+1, twisted with vm*em. Define

^m '=0'* ^iDADn^i) ® (Vm*em|Dm\l>w + 1)·c

Proposition (1. 3). a) Vm is a unitary local system on Dm\Dm+i.

b) There exist a unique subvectorbundle Jtm of v^Ji®&m and a unique
c ^

holomorphic integrable connection Vm on Jtm with logarithmic poles along Cm such that
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c) (J(m, Vm) is the canonical extension of v~1Vm.

d) There exists a unique subvectorbundle Jf* of v*^(g)8m with
c

such that for χ e Dm\Cm

= v*({a6^rVm(2) |(ff,T) = 0 for all τ e (/* V)VmCx}})®
c

Remark. In general, there will be no induced logarithmic connection on

®£m a n d n o induced hermitian form o n v J f ® £ -

Proof. The flat hermitian form on V extends to a hermitian form on 7^ F. So for
the proof of a), we only have to show that Vm is a local System on Dm\Dm+1. The
uniqueness assertions in b) and d) are clear, so it is enough to prove all four Statements
locally.

Let χ € D. Let Δ be a polycylinder around χ such that D n Δ = (J D; is a union
J = l

of coordinate hyperplanes. Since ^(J\D) is abelian and V is unitary, we can
diagonalize all monodromy operators of ν\Δ\Ό simultaneously. In other words, V^D is

r
an orthogonal direct sum of unitary local Systems of rank l : F]AD = φ F|'AD. If y, is the

i = l
monodromy transformation around DJ, then yj t = y0- · idK< with y^eC, |yy| = l. We

s r
regard F1 s a local System on Δ\ (J DJ. «^ splits accordingly: M = φ ΛΓ, where «ΛΓ

has a logarithmic connection V* with poles along l l Dj such that Ker V1 . = V1.
y^! IA U »

r

( '̂, V') is the canonical extension of Ff, and V = £ V*.
i = l

a) If y e Dm\Dm + ! , then there exist (uniquely determined) ji9 . . . , jm ,
l ̂  < ··· <jm^s, with y e DJ1 n ··· r\Djm. Then for a small neighbourhood Ay of y,

i
J*

s%^lDm\Dm+i is a local system near y.
b) Let Z be a connected component of v~ i (A) g Dm . Then vm(2) = Dh n · · · n D·7'"

with l ^7\ < · · · < jm ^ s. Then
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Clearly the subbundle of v%Jt ®&m\z we are looking for is
c

Since vm(2) is not contained in the pole set of V1 if yijl = ··· = y i f;m= l, there is an
induced logarithmic connection Vw on ^m(f with poles along Z n Cm and with

c) is clear from the description of (Jtm, Vm) in b).

d) Let 2 be the component of χ in v~l(A)^ m. Then vm(Z) = Dh n
with l ^j\ < ··· <jm^s. Clearly we have

{σ e ^rVm(S)|((7, τ) = 0 for all τ e (/*nm(3c)}

so define
l for some μ

vm(3c)

yt·, j-μΦ l for some μ

(1.4). Now define Resm(^):

Position

Jim) s the com-

where the first map is Resm®id and the second map is the identity on i2^m<Cm>,

tensored with the projection of v*^®£m onto J(m along Ji*. Note that Resm(«y^) is
c

surjective.

Lemma (1.5).
morphism

V = Vm o .e. is α complex homo-

Jf ) [-m].
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Proof. We continue to use the local description given in the preceding proof. It
suffices to show that for any χ e Dm\Cm and a germ σί e( 2<jDr> J>

) (νί(σΙ·))ϊ = Vi (ResM (ΛΤ'') (σ,)^. Let 2 be the component of v'1^) containing χ
and vm(Z) = Dh n · - - n DJm, l ̂  Λ < · · · <;m ̂  5.

If there exists //e {l,..., m} with 7ί,,·μφ l, then Resm(^% = 0 and the assertion is
trivial.

*s a l°cal system near vm(*)· Let e{ be a local
generator of F1 near vm(x). Then ai = di®ei and

ResmM<'') ο ν'(σ{ ® e,) =

= d(Resm(5i))®v*ei

®*,), q.e.d.

We are now ready to give the defmition of WK.( i<D> ® Jf):
Definition (1. 6). For m < 0, set Wm(Q'x <£>> ® J() := 0. For m ̂  0,

Wm( XD> ® ^):=Ker Resm+1 (^T).

Note that especially fT0( ^</)> ® ̂ ) = β^(^) is the complex studied in [6].
From the preceding, we clearly have the following local description of

Wm(Q\(D) ® J() for a local System of rank 1: If Δ^Χ is a polycylinder with
coordinates z l 5 . . . ,zn such that DnA is given by zt ··· zs = 0, and if y;. is the
monodromy transformation of F|AD around {z; = 0}, then W^m( ^<£)> ® M\ is
generated over &Δ by (2| ® ̂ ^ and by all terms of the form

where μζΓ(Δ, Ji\ k<q, l ̂ j! < ··· <jk^s<jk + 1 < ··· <jq^n, and for at most m
indices fc with l ^ f c ^ f c we have y / K =l .

Proposition (1. 7). a) W.( X/)> ® ̂ ) is an increasing filtration.
b) Resm(^) induces an isomorphism between

Gr^(fli<D>®^r) and ^(fi^MfJ) [-m].

Proo/ As 5m(^m) = KerRes1(^m), we have to show:

) o ReswMO).

Let Bm be the normalization of Cm and μ»,:]?,,,-- »Χ the composition of the
normalization map £tm-+€m, the embedding Cmc+Dm and vm: m~->Jf. Clearly
A» = vm+ 1 ° 6m factors over v^^ Dm+i-> X, where Qm: Bm -* Bm+1 is an isomorphism
when restricted to any component of 5TO but in general maps several components
of Bm to the same component of Dm+i· Furthermore it is clear that
Qm(^ m+i<Cm+ly®Jfm+i) is isomorphic to Ο^Οί^Α,,«)) ® (^m)i. Hence we have
an induced injection vm+
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It is straightforward to check from the definition, that the diagram

m) [ — w] Vm*—^-^—-—>· μη^(Ω'^ηι<^μ~l(Dm+2)y ® (^m)i) [ — w — 1]

Resm + ι (M)

is commutative, thereby finishing the proof of the proposition.

§ 2. Relations between the weight filtration and local cohomology

We now show that Gr^'( ^<D> ® Jf) is quasiisomorphic to Rmj+V[ — m], thus
exhibiting the topological nature of the induced weight filtration on the cohomology.
Furthermore we see that Rmj+ V is isomorphic to jm*Vm where jm: Dm\Dm+1 c> X is the
inclusion map.

Define the canonical filtration τ. of Μ by:

o,
Proposition (2.1). The inclusion map

(Ω'Χ(Ο^ (χ) ΜΙ τ.) —:·

is a quasiisomorphism of ltered complexes.

Proof. We have to show that the induced maps

H^GT^QX
are isomorphisms.

Now

if q<m

if

Ϊ, W.)

if z Φ m

whereas

i.̂ J) [-m])

Q,
» if '=»«

if ί
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here jm:Dm\Dm+i c» X is the inclusion map. For the last equality, we used that the
inclusion map /^(v'1 FJ-» & m(Jlm) is a quasiisomorphism where Jm: Dm\Cm <+ Dm is
the inclusion map (see [6]). Hence we have to show that

ResmMf): H-( i<D> ® Ji] ^jm*Vm = vmJm*(v-lVm)

is an isomorphism.

For this, we again use the local description given in the proof of (1. 3). Clearly we
may replace V by one of the V1, i.e. we may assume that V has rank 1. Let χ e D. We
distinguish between two cases:

Case 1. j^ Fis a local System near x. Then of course j^ V is trivial near x, and we
are done by the classical isomorphism

Resm: Hm(

Case 2. There exists a local component Dj of D through χ with yj 4=idF. Let us
first show that (jm*VJx = Q:

Let Z be any component of v"1^) with χ e vm(2). Then vm(Z) = D3i n ··· n/)jm,
l 5^ < · · · <jm ^ s. Either there exists μ e {l, . . . , m} with -y^ Φ id, in which case Jlm\z = 0,
or 7^ = ··· =7Jm = id; but s y^ + id, Vm is not holomorphic at χ e Z, vm(x) = x, and
therefore Jm*(vm

 1 Vm)x = 0. Hence, (jm* Vm)x = (vm Jm, (vm
 1 FJ), = 0.

Finally we show (Rmj# V)x = 0. It suffices to prove: For all small polycylinders
Δ'ζ,Δ centered at χ such that D n A' is a union of coordinate hyperplanes,

We can write Δ' = Δ\χΔ'2, with projections pi: Δ' — > i9 p2'· Δ' -+ Δ'2, such that
D n J' = pfDi 4- p* ̂ 2 with normal crossing divisors D(^A'l9 Ο^Δ^ and pf£>i is the
union of all components Dj ϊ η Δ' οϊ D ηΔ' with jj Φ id. Then Υ\Δ> = pi" 1 Fi where V[ is a
local System on Α\\Ώ[ with nontrivial monodromy around every component of D't.
Note that by assumption xepf^Di) . Now the K nneth formula

shows that it is enough to have ΗΡ(Δ\Ο^ Κ;) = 0 for all p^O, i.e. (Kp;i*K1
/)pl(X) = 0,

ji: ̂ i\Di c> Ji the inclusion map. This is clear for p = 0, and for p>0 it follows from
Oi;<^i> ® -^i = jiMU -^i the canonical extension of F;, and the fact that fr^Jt'i)
is exact at level p, q.e.d.

Corollary (2. 2). JFim(Gr^( i<D> ® Jt))^Rmj*V^jm*Vm, where the second iso-
morphism is induced by

Remark. Of course, the inclusion map

( i<P> ® Jt, f, τ.) ~> ( i<D> ® Jl, F·, W.)

is in general not a quasiisomorphism of bifiltered complexes.
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§ 3. Unitary local Systems defined over a subring of C

Let A be a noetherian subring of C, closed under conjugation, such that A ® Q is
a field.

Definition (3. 1). An ^-unitary local System is a complex unitary local System V
such that there exist a local System VA over A (i.e. a sheaf of v4-modules which is locally

isomorphic to the constant sheaf Ar for some r e /W) with V = VA ® C and a hermitian
A

Symmetrie A (x) 0-valued positive definite form on VA (or on VA%Q-— VA ®Q\ which
induces the hermitian form on V.

For example, if V is given by a representation

%(l7)-> GL(r, Λ)η I7(r, C)£GL(r, C),

then F is ^4-unitary.

Notice that for an ^4-unitary local System F, the local Systems Vm are canonically
,4-unitary:

Kn, A := VA, m :== U* VA\Dm\Dm+ i) ® (Vm*^m,Z|Dm\i>m+ i)
I

where £m is ^-unitary by definition.

In contrast to the case F=<C(7, Rmj*VA may have torsion: As a trivial example,
take 4= Z, X = P>\ 17 = C*, Fz the local system of rank l over Z on i/ given by the
representation of π1(1/) = Ζ which maps the class of a loop running counterclockwise
once around 0 to -idz, then clearly (/?V*^)o = (#V*^)oo

Replacing A by A (x) Q in order to avoid problems with torsion in Rmj^V 9 we
now want to compare the A (g) 0-structures on Rmj*V = Rmj*VA<$Q® C and

C via the isomorphism in (2.2). The result is:

Lemma (3. 2). The isomorphism Rmj*V^>jm*Vm in (2.2) maps Rmj*VA®Q to

Proof. Let x e D. Then in a small neighbourhood zl of x, F4<g)( MX splits
JD= VA®Q θ F '̂̂ , such that j*VA(S)Q is a (trivial) local System over A®Q near

and (J*VAQQ)X = Q. FMVD= Fx® Fr/ splits accordingly. Then the proof of (2. 1) shows
that (Rmj*V")x = 0 = (jm*V^)x, hence (Α"·ΛΚίΜ), = 0 = 0^ΐςΜΘΟ), since we have no
torsion.

So we have to show the lemma only for V'A#Q. But the case of a trivial local
system is proved in [3], 3. 1.9.

§ 4. Functoriality

Let us consider the functorial behaviour of the Hodge and weight filtrations.

Clearly they are functorial for maps φ: V — > V between unitary local Systems on
U which respect the hermitian forms.
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Not so entirely obvious is the fimctoriality for holomorphic maps
/: (X', U') —» (X, U). The problem is that in general the lift of the canonical extension is
not the canonical extension of the lifted local System. Furthermore it might happen (say
for V with rank, V=l) that D'-.= X'\Uf has a component D{ across which
f ~ l V ( f s — 7 \ u ' ) extends to a local System, but at the same time D( lies over a component
D! of D--X\U along which V is not trivial; then a form in W0 may have poles along
D1? but has to be regul r along D[. But it turns out that the lift of the canonical
extension is "smaller" than the canonical extension of the lifted local System, and the
"difference" takes care of the unwanted poles.

Proposition (4.1). Lei f: X' —> X be a holomorphic map, D'<iX' and D^X local
normal crossing divisors with f~l(D)^D\ U':=X'\D'9 U>=X\D, f:U'-+U the
restricted map. Let V be a local System on t/, Ji the canonical extension of V on X and
Ji' the canonical extension of f~lVon X'.

a) There exists a unique injection /* Ji <+ Ji' such that the diagram

commutes.

b) // V is unitary, then the induced map

respects both the Hodge and weight ltrations.

Proof. Since the uniqueness in a) is clear, it is enough to prove (4. 1) locally.

So let x'eD, Δ' a polycylinder around xf with coordinates (w^..., HV), Δ a
polycylinder around f(xr) with coordinates (zl5 ...,zn), /(4')gJ, D'nzT given by

s'

Wj · . · ws, = 0, D n Δ given by zx · · · zs = 0. Then /* zj = BJ - f| wf ij for l ̂  j ^ s, with

units Sj and a0^0. Let ρ^ be a loop in A'\D' running counterclockwise once around
{w. = 0} (/=!,..., s'), and QJ a loop in A\D running counterclockwise once around
{Zj = 0} (; = !,..., s). Then /,: ̂ (J'XD')— >· %(J\D) maps (the class of) ρ; to (the class

s
of) Σ aijQj-

J = l

Let Γ;6 GL(r, C) be the monodromy transformation associated to ρ7· 0'= l,..., s).
Let l5 ..., s be commuting rxr-matrices with eigen values in the strip {O^
and

a) We have Jl\A^Or
A with V^ given by

for an r-tuple g of holomorphic functions.
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Hence f*JH^^ r^ with the lifted connection Vj*^ given by

ΐ <*»]*—·
After an appropriate change of the isomorphism f*^f\A' = ^9 we can clearly get
in the form

From the above description of f ^ : n1(A\D')-^ ni(A\D) we see that V^ on
is given by

where B'l9..., Bf
s are commuting matrices with eigenvalues in the strip (0 ̂  Re λ < 1} and

Hence Cf:= ^ aijBj~Bi are commuting semisimple matrices whose eigenvalues are
j = i

nonnegative integers.

The desired injection /*«/^r = ^ c> 0Τ
Δ' = Μ\Δ> extending the identity map on flat

sections is

b) Compatibility with the Hodge filtration is trivial, so let us consider the weight
filtrations. Clearly we may assume that K has rank 1.

It will be convenient to use the description of Wm(flf <D> (x) Ji] in terms of local
coordinates which was given after its definition in (1. 6): Wm( |<D> ® ~Μ\Δ is generated
over &Δ by Ω£ ® ̂ μ and all expressions of the form

where μζΓ(Δ,Μ\ l ^jx < ··· <jk^s<jk+1 < ··· <jq ^n, and for at most m indices κ
with l <; κ <; /c we have rjVc = l (e C).

Using trivializations of M\A and M\A> s above, the image under
^)-^Ω^<ΰ />®^' of the above element, lifted to zT, is:

s7 k /Jp s' //vt; \

Π «Ρ· Λ ί^+ Σ ̂ .κ^i = l κ = 1 \ £JK i K = l W>K /

with μ'
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Expanding this expression, we get a sum of terms of the type

π c dwn ^HVΠ "Γ ' ai>,h · ·* <V,,v ' —*-* - Λ—-*<r
i=l wi, WlV

(modulo renumbering, of course) with k' ̂  fc, σ a holomorphic ^'-valued form.

Let us take κ' e {l,..., /c'}. If ClV > 0, then the term has no pole along {W|K, = 0}. If
C/K, = 0 and /Υκ, = l (Γ/ is the monodromy transformation associated to ρ9, then from

s
0 = 5fK, = X aiK'jBj we see tllat in case ailth ΦΟ,..., aik,Jk. ΦΟ we must have /K, = 0,

7 = 1
i.e. FJK, = 1. Hence there are at most m indices of that type, q.e.d.

§ 5. Hodge decomposition and duality theorems for
the cohomology of j^ V; relations with intersection cohomology

We state the main result in [6] and derive from the proof in [6] Poincare and
Serre duality for the cohomology of j^V and £(^). With their help we extend the
Hodge decomposition to compact manifolds bimeromorphic to Kahler manifolds.

Denote by F' the Hodge Filtration on Hk(X, j*V\ induced by the Hodge Filtration
on frx(^\ Let F be the lift under the conjugation map Hk(XJ*V) -* Hk(XJ^Vv) of
the Hodge filtration on Hk(X,j*Vy\ and let

Theorem (5. 1). Let X be a compact Kahler manifold, D^X a local normal
crossing divisor, U -·= X\D, j : U c+ X the inclusion map, V a unitary local System on [/, Ji
the canonical extension of V.

a) The spectral sequence

degenerates at Ei.

b) The maps Hp>q(XJ*V) ^ Hq(X, p
x(Ji}} are isomorphisms, and

c) The conjugation map induces conjugate linear isomorphisms

Hq(X, jMO) ̂  HP(X, K^O)

where Jf is the canonical extension of Vv.

The proof in [6] is by identifying Q?x(Ji} s the sheaf of locally square-integrable
holomorphic p-forms with values in V with respect to a suitable metric with poles along
D. Then Hq(X,Up

x(Ji}) and Hp+q(XJ+V) are identified with L2-cohomology groups
which in turn are isomorphic to spaces of harmonic forms. Then one uses the Kahler
identities s in the classical case to get the decomposition.
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Note that without the Kahler hypothesis one still can represent the cohomology
groups by harmonic forms on which the *-operator acts; s in the classical case, one
concludes Poincare duality and Serie duality.

Theorem (5. 2). Let X be a compact manifold, D^X a local normal crossing
divisor, U ··= X\D, j : U c» X the inclusion map, V a unitary local System on U, Jt, Jf the
canonical extensions of F, Fv, resp.

a) Poincare duality:

is a perfect pairing.

b) Serre duality:

Hp(X, fijMO) ® Hn~p(X> βχ~β(ΛΟ) -* Hn(X, Ωη
χ) s C

is a perfect pairing.

Note that the map U\(Jt)® &n
x~q(Jf}-+ &£</>> actually has its image in Ωη

χ:

We only have to prove this locally, so we may assume that rk V= 1. If D' is the
maximal reduced subdivisor of D such that j+V^p is a local System, then

®^ and Un
x-q(J\r} = Qn

x~q(Dr}®JV. Furthermore

and the above map is given by

Jt^® &X(-D')

With the help of (5. 2), we can easily extend (5. 1) to manifolds bimeromorphic to
Kahler manifolds:

Corollary (5. 3). (5. 1) remains true if X is only bimeromorphic to a Kahler
manifold.

The proofis an adaption of [1], Prop. (5. 3): Let /: X' — > X be a modification with
a compact Kahler manifold X' such that D'-=f~l(D) is a (local) normal crossing
divisor, U'*=X'\D'9 f''=f\v : U' -» [7, Γ^/'1^ /:17' c> X' the inclusion map. From
(4. 1), we get a commutative diagram

Hq (X,
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where Jl', Jf' are the canonical extensions of V, K'v , resp. From Serre duality (5.2) it
follows that Hq(X, &x(Ji}}-* Hq(X1, &x,(Jt')) is injective. Hence the Hodge spectral
sequence of V injects into the degenerating Hodge spectral sequence of V and thus
degenerates at El9 too.

As above we infer from Poincare duality (5.2) that Hk(XJ^V)-^ Hk(X'J* V] is
injective. The map^clearly respects f and F\ so from (FpnFk~p+i) (Hk(X'J* F')) = 0
we deduce (FpnFk~p + i ) (Hk(XJ^V)) = 0. Counting dimensions äs in [1], (5.3.7) we
see that Hk(X,V) = FpHk(XJ^V)®Fk-p+lHk(XJ^V). Hence H*(X9ü$(Ji)) is iso-
morphic to H'-^XJ+V), and Hp+«(XJ:tiV) = @ Hp>q(XJ^)> q.e.d.

Remarks. a) Clearly, in the Situation of (5. 1) or (5. 3), Poincare duality and Serre

duality agree on Hk(X, j+ V}= 0 Hq(X, Qp
x(Ji)}.

b) If V is ^-unitary with A £ flp, then (5. 1) and (5. 3) just say that the Hodge
filtration defines a pure Hodge structure of weight k on Hk(X9j+V).

As the referee pointed out, it would be interesting to establish the connection with
intersection cohomology (see [5]). In fact, we have:

Proposition (5. 4). a) Dx(j^V)=j^Vy [2 n], where Dx is the Verdier duality functor
on X.

b) j*V[2ri] is the (middle) intersection complex of V; consequently,

c) The pairing in pari a) of (5. 2) agrees with the Poincare duality pairing in
intersection cohomology.

Proof. Using the axiomatic characterization of the intersection complex in [5],
parts b) and c) follow trivially from a), so let us prove a). We have a canonical
morphism

so we may prove a) locally and may therefore assume r k F = l . We replace U by the
maximal open subset of X to which V extends to a local System. As we have seen before
(see the proof of (2. 1)), we then have Rj*V=j+V=jlV9 and therefore j+ V = Rji V. By
the same reasoning, j#Vy =Rj^.Vy , and hence

Dx(j* V) = Dx(RJt V) = RJ* (Dv V) = RJ* V v [2 n] =j „ V v [2 n] , q.e.d.

§6. Mixed Hodge structures on Hk(U, VA) for real A

Let us now define the Hodge and weight filtrations on Hk(U, V):

Definition (6.1).

FpHk(U, F):=Im(Mk(X, Fp(ßXD> ® JTj) -> Mk(X, /)> ® Jt) = Hk(U, K));

we shall soon see that this map is injective.
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For the weight filtration, one uses a shift by k:

Wm+kHk(U, F):=Im(MkpT, Wm(Q'x(Dy ® Ji}} -> Mk(X, &XZ)> ® Ji} = H*(C7, F)).

The following lemma is an immediate consequence of the definitions and the
description of the weight filtration on ^

Lemma (6. 2). a) WtHk(U, V) = 0 /or i < fc.

b) WkHk(U, V) = lm(Hk(XJ*V)-^Hk(U, V)).

c) Lei m0 be ί/ze largest m e /W swc/ι ί/ιαί ί/zere exisi χ E X and m local components
of D through χ such that the monodromy of V around these components has an eigenvalue
1. Then

We now assume that V is A -unitary with Αζ^ΙΚ. Our aim is t o prove:

Theorem (6. 3). Lei X be bimeromorphic to a compact Kahler manifold, D<=X a
local normal crossing divisor, U -= X\D. Let V be an A-unitary local System on C7, with a
subring A^M. Then the Hodge and weight filtrations on Hk(U, V) give a mixed Hodge
structure on Hk(U, VA).

By Deligne's analysis of bifiltered complexes ([3], 3. 2, [4], 8. 1.9) we have to show
(for the notation, see [4], 8. 1):

Proposition (6. 4).

(RJ*VA,W*VA*Q, *·), (Qi< > ® ̂  ̂  W.))
is a cohomological mixed A-Hodge complex.

Proof. The quasiisomorphism (Rj^ VA®Q, τ.) ® C — > (ί2^<ί)> (χ) Jl, W.) is the one
given in (2. 1). So it remains to show:

(Grll(Rj*VA9Q)9 (Grr(Oi<D> ® Jf\ F'))

is a cohomological A ® (Q-Hodge complex of weight m, i.e. the spectral sequence
associated to the filtration of the second complex degenerates at Ei9 and the induced
filtration on

defines a pure 1̂ (g) (Q-Hodge structure of weight m + fc on M^iGr^^j

Now Gr-(K^F^) = (."^O^W

Hence Gr^(Rj^VA9Q) is quasiisomorphic to Rmj*VA<s>Q[-m], which in turn by (3.2) is
quasiisomorphic to jm*VmtA®Q(-m) [-m].
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For the second complex, we use the isomorphism (1.7):
Resm (M}

, F·) [-m],

where F ' (Q' rn(Jtm)) is given by:

lm(^J, if

Hence we have to show that

vm*(JM*(v" l Vm,A®Q(-m)}, (fi^MTJ, F·)) [-m]

is a cohomological A <g) 0-Hodge complex of weight m. This follows if

{jm*(VmlVmtA9Q), (fi^MTJ, F'))

(with F* the usual Hodge filtration) is a cohomological A (x) 0-Hodge complex of weight
0. But this is just the Statement of (5. 3), noting that Dm is bimeromorphic to a disjoint
union of compact Kahler manifolds by [7], q.e.d.

Let us now consider the functoriality properties and the dependence on the choice
of the compactification of the mixed Hodge structure. Clearly it is functorial for maps
φ : V — > V between unitary real local Systems which respect the hermitian forms. Of
course, the same holds if φ is the orthogonal projection onto a real Subsystem.

Lemma (6. 6). Let U be a manifold with an A-unitary local system V, A^ff$.

a) Let f\U'-+Ubea holomorphic map. Suppose that there exist compactifications
U' c» X\ U c» X with manifolds X, X' bimeromorphic to compact Kahler manifolds such
that X f \ U f and X\U are local normal crossing divisors and such that f extends to a
meromorphic map X' — » X. Then

f*:Hk(U,V)->Hk(U'J-lV)

is a morphism of the mixed Hodge structures induced by X and X'.

b) // U c> X and U c> X' are two compactifications with manifolds X, X'
bimeromorphic to compact Kahler manifolds such that X\U and X\U are local normal
crossing divisors and the identity map on U extends to a bimeromorphic map X —+ X',
then the two mixed Hodge structures on Hk(U, V) induced by X and X' agree.

Proof. In case the extended map f:X'-+X is holomorphic, a) follows directly
from (4. 1).

For b), take a third compactification U c> X" with the same properties, dominat-
ing both X and X1. Then the identity map on Hk(U, V] is at the same time a morphism
of mixed Hodge structures for the mixed Hodge structures induced by X, X" and by
X", X'. By [3], 2. 3. 5 it is an isomorphism of all three mixed Hodge structures.

Then the general case of a) follows from the above case and b).
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Of course, if 17 is algebraic, one uses an algebraic compactification of U to get a
mixed Hodge structure on Hk(U, V) which does not depend on the choice of an
algebraic compactification and is functorial for algebraic maps /: l/' — > U.

Let us now consider the case of push-forwards. Let /: U — > U' be a holomorphic
map, F a unitary local System on U, such that f+ Cv and /# V are local Systems on U'.
Then by composing the sesquilinear pairing f ^ V x f ^ V — *f+Cv with the trace map
/* Cv — > iV (summing over connected components over small open subsets of t/), f+ F
gets a unitary structure.

Lemma (6. 7). Let U be a manifold with an A-unitary local System V on U, A £ IFS.
Let f'.U-^U'bea holomorphic map such that /# Cv and /„. V are local Systems on U'.
Suppose there exist compactifications U <+ X, U' c> X'9 X, X' bimeromorphic to compact
Kahler manifolds, X\U and X'\U' local normal crossing divisors, such that f : U — > U'
extends to a meromorphic map X — ·> X'. Then the map

is a morphism of the mixed Hodge structures induced by X' and X.
Proof. /f *([/',/* F) -> //k(l7, V] clearly factors into the lifting map

Hk(U'J^V)-^Hk(UJ~lf^V)
which is a homomorphism of mixed Hodge structures by (6. 6) and the map

Hk(t/,/- V* F) -+#*([/, F)

induced by φ:/"1/* F— > F. φ factors into the orthogonal projection

and (Ker φ)1 — > F; the latter map respects the hermitian forms on (Ker φ)1 and F.
Hence Hk(U,f~1f.¥V)—+Hk(U, F) is a morphism of mixed Hodge structures, too.

For example, if /: U — > U' is finite and unramified, then the mixed Hodge
structure on ffk(t/',/#<C) is nothing but the mixed Hodge structure on

§ 7. Non-real unitary local Systems

We will now drop the assumption that F is defined over a ring A^ffl. Except for
the fact that the weight filtration on Hk(U, F) is defined over A®Q, the fact that F
might be defined over a proper subring of C is not important for what follows, so we
take A = C.

Hk(U, V) has no canonical real structure, so one cannot expect a mixed Hodge
structure on Hk(U, F). But the Statements on degenerations of spectral sequences that
one deduces from the presence of a mixed Hodge structure still remain true. More
precisely, we have:

Theorem (7. 1). Let V be a unitary local system on U.
a) The spectral sequence associated to the Hodge filtration

JEf·« = Hq(X, £<£> ® Jl) => Hp+q(U, F)
degenerates at Ei.
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b) The Leray spectral sequence

E}* = H"(X9 R'JtV)*H'(XJ„Vq) => H*>+«(U, V)

degenerates at E3.

c) The spectral sequence associated to the induced weight filtration on

Hk(Dm, (J/J) => Hk(X,

degenerates at E2.

d) TTie conjugate linear isomorphism Hk(U,V)-+Hk(U,Vv) respects the weight
filtrations and induces a conjugate linear isomorphism between the "Hodge components"

, F) <zm* GrJ-Gr£;gHk(l7, V).

Remark. The quasiisomorphism Ä^F— > Gr^'(ß^<D> ® ̂ ) [g] identifies the
Leray spectral sequence with the spectral sequence wE^q => Hp+q(U,V) associated to
the weight filtration, with the renumbering E£q i— > wE^q'p + 2q. Of course, the appearance
of negative indices (äs well äs in c) above) comes from the fact that W. is an increasing
filtration.

Proof. Let < . , . > K be the hermitian inner product on V. (/>:V—+Vy is the
conjugate linear isomorphism which sends a germ v in V to the functional
(w i— > <w, f>F). The inner product on Fv is given by <f*, w*>Kv = <</> ~ 1 (t;*), ~ 1 (w*)>F .

The clue is to look at V ® Fv, with the hermitian inner product

, t;*), (w, w*

F © K V has a real structure: Let ( t /0Fv)w be the real Subsystem consisting of all
germs (v, v*) with * = ( ).

The canonical map ( F 0 K v ) w ( x ) C — ̂ F 0 F V is an isomorphism, with inverse

Furthermore, <(t>, 0(i;)), (w, (/>(w))> = 2Re<t;, w>. Hence K @ F V is an ßP-unitary local
System.

By (6. 3), Hk(U, V® Fv) has a mixed ^-Hodge structure. Hence, by [3], 3.2. 13,
a), b) and c) are true for F0 Fv. The logarithmic de Rham complex of F0 Fv is the
direct sum of the logarithmic de Rham complexes of F and Fv, and by their definitions
the same is true for both filtrations. Hence the spectral sequences for F 0 F v are the
direct sums of the spectral sequences for F and Fv , so these degenerate at the same
levels.
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Part d) follows from the fact that the conjugation map on V Θ V v with respect to
the real structure on F0 Fv is given by (v, v*) \-> (φ'1^*), φ (v)). Note that φ does not
induce a map between FpGrJ+qHp+q(U,V) and F9GrJ+qHp+q(U9 Fv). But if F'
denotes the filtrations φ ~ ί ( Ρ ' ) on V or φ(Ρ') on Fv , then

, V\

, Fv),

and φ clearly induces a conjugate linear isomorphism between these two spaces.

Remark (7. 2). Clearly the functoriality properties (6. 6) and (6. 7) have counter-
parts in the non-real case, i.e. the lifting and push-forward maps on cohomology respect
Hodge and weight filtrations.

Remark (7. 3). It is possible to prove (7. La) without using the f ll strength of
Deligne's mixed Hodge theory. Let me sketch how one can directly deduce the
degeneration of the Hodge spectral sequence for logarithmic forms.

We compute Hk(U9 V)^lWk(X, Ω*<£>> (χ) Ji) by using logarithmic C°° -forms: Let

A%q<J)y (V)*=r(X, £<D> ® <y£« (g) M\ where £$·* is the sheaf of C°°-(0, ^)-forms on
Οχ Οχ

X. With the operatores V and 3j Aj'(Dy(V) is a double complex, and Hk(U9 V) is the
fe-th cohomology of the associated single complex. Similarly, Hk(X,j^V) is computed

from £q(V}'*=r(X, Qp
x(Ji] ® <f£·«).

ox

Let us first show that for φ e Ap
x>q(Dy(V) with 5> = 0, V φ e $+^q(V\ there

exists \pe £*~l(V) with

For that, we use Serre duality: So let σ e x~p~^n~q(Vv) with 5σ = 0. Changing
σ by a (J-exact form, we may assume Va = 0. Then

χ χ χ χ
Note that logarithmic (n, n)-forms are integrable. We have

] ·</(φΛσ)=-
χ

because Res! (φ Λ σ) is an (n — 2, n)-form on Dl9 hence 0. So V φ is ^-exact, and therefore
V5"-exact (see e.g. [3], 4. 3. 1).

For the degeneration of the Hodge spectral sequence, it clearly suffices to show:
For <pe,4£*<i)>(F) with £φ = 0 and Resm + 1(^)(V(p) = 0, there exists

with Resm(^) (ν(φ-5"φ)) = 0 (here

For (p-.= Resm(Jt)((p) we have 5φ = 0, Vm^ e ^4|~m+1 '9(v~1 Fm), so by the above
there exists ψ E fcm'q~l(v~l FJ with Vm^ = Vm^tp. letting yeXJ^-^DXT) with

= tp, we have

(^) (V (φ - ffv)) = Vm<p - Vm^tp = 0, q.e.d.
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